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Resonant x-ray magnetic scattering at nonmagnetic ions

Michel van Veenendaal
Department of Physics, Northern Illinois University, De Kalb, Illinois 60115
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An explanation is given for the resonant x-ray magnetic scattering effects at theK edge of nonmagnetic ions
observed by Mannixet al. @Phys. Rev. Lett.86, 4128 ~2001!#. By using a description that goes beyond the
usual fast-collision approximation, we can relate the scattering amplitude to the orbital moments on sites
neighboring the nonmagnetic ion where the absorption takes place. The finite scattering amplitude is directly
related to the resonant process, which explains the strong enhancement over the nonresonant intensity.
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Resonant x-ray magnetic scattering~RXMS! and x-ray
magnetic dichroism~XMD ! are powerful tools for studying
magnetic properties.1–3 Integrated intensities of the spect
can be directly related to ground-state properties, such
^Lz& and ^Sz&.

4–6 These sum rules are commonly used
excitations into shells with well-established magnetic m
ments, such as the 3d and 4f shells of transition metals an
rare earths, respectively. However, for excitations into ot
shells the situation is often more subtle. An example is
magnetic circular dichroism of the 5d band at theL edges of
the rare earths.7 Here the largest contribution to the XMD
intensity is not the 5d magnetic moment, but the change
2p→5d dipole matrix elements by the large 4f moment.

Even more surprising is the RXMS observed at theK
edges of nonmagnetic anions, such as Ga in UGa3 and As in
UAs.8 Here, there is no large moment on the ion that co
explain the presence of a finite scattering amplitude. In
dition to that, resonant enhancements of more than three
ders of magnitude over the nonresonant intensity are
served. The most obvious explanation for the
enhancements is a very small nonresonant scattering am
tude. Since this amplitude is proportional toL (k02k f)•A
1S(k02k f)•B whereA and B are polarization vectors de
termined byk0 , ei , k f , ef , and L and S are the Fourier
transforms of the orbital and spin magnetization densit
respectively, a small scattering amplitude directly implies
small magnetic moment. However, since the standard RX
sum rules6 relate the scattering amplitude to 4p ground-state
expectation values ofLz , this would immediately imply that
also the resonant magnetic scattering amplitude is sm
This is clearly in disagreement with the experimental dat

In this paper, we show that a finite scattering amplitu
can still be obtained if we include the effects of the neig
boring magnetic sites. By going beyond the commonly u
fast-collision approximation,6,9 we show that the excited
electron probes the neighboring magnetic ions. This lead
a scattering operator for excitations at theK edge that can be
expressed in ground-state expectation values of the nea
neighbor orbital moments.

The intensity of RXMS in the dipole approximationI 1 is
given by

I 1~ei ,ef ,v!5U^guef* •r
1

r•ei ug&U2

, ~1!

\v2H1 iG/2
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whereef andei are the initial and final polarization vector
of the light, respectively,\v is the photon energy,G is the
lifetime broadening in the intermediate state, andH is the
Hamiltonian of the system. In spherical coordinates, we
write the components ofr asr l5rCl

1( r̂ ), whereCl( r̂ ) is the
renormalized spherical harmonic tensor with compone
Cl

l ( r̂ )5A4p/@ l #Yl
l ( r̂ ), with @ l l 8•••#5(2l 11)(2l 8

11)•••. We can now write

I 1~ei ,ef ,v!5P1s,4p
4 uF1~ei ,ef ,v!u2, ~2!

where

P1s,4p5E
0

`

r 2R1s~r !R4p~r !dr ~3!

gives the radial matrix element of the dipolar transition fro
the Ga or AsK edge. The scattering amplitudeF1 can be
written as

F1~e1 ,e2 ,v!5^gue2* •C1* ~ r̂ !G~v!C1~ r̂ !•e1ug&, ~4!

where the Green’s function is given byG(v)5(\v2H
1 iG/2)21. Note that whereas RXMS is obtained fro
uF1(ei ,ef ,v)u2, the XMD spectrum is proportional to
Im@F1(ei ,ei ,v)#, showing the intimate relation betwee
XMD and RXMS.

It is common to recouple the scattering amplitude fro
Eq. ~4! into a geometric and electronic part using

~al
•bl !~cl 8

•dl 8!5(
x

@x#@alcl 8#x
•@bldl 8#x, ~5!

where a shorthand notation is introduced for the coupling
two tensors with 3j symbols:

@alSbl 8#j
x5(

ll8
~21! l 2lS l x l 8

2l j l8
D al

l Sbl8
l 8 , ~6!

where there is the possibility of adding a scalarS, e.g., a
Green’s function, a Hamiltonian, or unity. After recouplin
we have3

F1~e1 ,e2 ,v!5(
x

U1x~e1 ,e2!•F1x~v!, ~7!
©2003 The American Physical Society12-1
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where the dependence on the polarization vectors is give
U1x and the spectral line shapes are given byF1x. Note that
for a dipolar transition there are three independent spec
The recoupling allows us to study the different fundamen
spectra separately. The spectra can be obtained by ta
different combinations of polarization vectors. The differe
resonant scattering spectra are given byx50, 1, and 2,
where, e.g.x50 is the isotropic term andx51 is the s
→p scattering~note that for XMD,x50,1,2 correspond to
isotropic, circular dichroic, and linear dichroic spectra,
spectively!. The angular dependence of the scattering is n
contained in the function

U1x~e1 ,e2!5@x#@e2* e1#xn1x , ~8!

where the normalization constants

nlx5S l x l

2 l 0 l D ~9!

serve to remove the square roots of the 3j symbols. The
square-root terms are needed for the normalization of w
functions. However, when dealing with physical quantities
is advantegous to remove the square roots.10 For dipolar iso-
tropic resonant scattering, we then haveU1051. For mag-
netic scattering measured in thes→p channel, only thex
51 contribution remains and the angular dependence is
termined by

U0
11~ei ,ef !52

i

2
~ef* 3ei !• ẑ,

giving the usual (k f• ẑ)2 dependence.
The spectral line shapes are determined by

F1x5^gu@~T1!†G~v!T1#xug&n1x
21 , ~10!

where the transition operators in second quantized form
low from applying the Wigner-Eckart theorem on the sphe
cal harmonicC1,

Tq
15(

lgs
^puuC1uuc&~21!p2lS p 1 c

2l q g D pls
† cgs ,

~11!

wherec and p† create a core hole and valence electron,
spectively~for Ga and As,c andp correspond to 1s and 4p,
respectively!. The angular- and spin-component quantu
numbers arel and s5↑,↓. In the remainder, the reduce
matrix element will be set to unity and spin quantum nu
bers are suppressed. As a result of the symmetry of
ground state, the only component ofF1x that remains isF0

1x .
When we write the scattering amplitude in terms of the d
ferent polarizations of the light,F q

Q5^gu(Tq
Q)†GTq

Qug&, the
energy dependence of the scattering in thes→p channel is
given byF0

115F 1
12F 21

1 . Note, that for x-ray absorption thi
corresponds to the difference of the spectrum for left a
right circularly polarized light.

Sum rules for magnetic scattering can be derived by us
the fast-collision approximation,6,9 i.e., G(v)>Ḡ(v)5(\v
13411
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2Ē1iG/2)21, whereĒ is the average energy of the spectr
line. Here, the spectral line shape is mainly determined
the Ga or As bands. The scattering amplitude can then
written in terms of valence shell ground-state expectat
values4,6,10 as

F0
1x5Ḡ~v!Ac1p

x ^wI 0
x&p , ~12!

where the constantAc1p
x reduces to@p#21 for dipole transi-

tions (c5p21).10 Note, that the constantAc1p
x couples the

core levelc to the valence levelp via the dipole operator
~which is a tensor of order 1!, leading to ground-state hol
expectation values of tensors of orderx. The ground-state
hole expectation values are defined as

^wI 0
x&p5(

l
~21!p2lS p x p

2l 0 l
D ^plpl

†&npx
21 . ~13!

We find that the isotropic scattering amplitude (x50) is pro-
portional to the number of holes in thep shell, ^wI 0

0&p

5^nh&p . For x51, thes→p scattering amplitude~or cir-
cular dichroism in the case of XMD! is proportional to the
normalized orbital moment, i.e.,^wI 0

1&p5^Lz&p /p. In this ap-
proximation, thes→p scattering amplitude is zero in th
absence of an orbital moment.

To obtain a finite scattering amplitude on a nonmagne
site, we have to go beyond the fast-collision approximati
For RXMS this leads to a finite scattering intensity. F
XMD, the total intensity sum rule is exact and the inclusi
of extra terms in the Green’s function does not give a fin
zeroth moment, i.e., integrated intensity, but leads to
presence of higher moments in the spectrum.10 When includ-
ing hybridization, we find for the lowest terms in the Green
function

G>Ḡ1ḠV†ḠVḠ1ḠV†ḠHorbitalḠVḠ, ~14!

where we concentrate on the terms that lead to a finites
→p scattering. The first term on the right-hand side is t
fast-collision approximation and it will have a very sma
contribution. The other two terms are schematically given
Fig. 1. The second term describes the hopping to a vale
shell on a neighboring uranium site and it can give a fin
scattering amplitude if that shell has an orbital moment,
example, in UAs and UGa3, direct hybridization of the 4p
with the uranium 5f shell. It can also hop into the uranium
6d. However, since the magnetic moment in that shell
small this will not strongly contribute to the scattering am
plitude. The third term describes the hopping to a valen
shell on a neighboring site with a small or zero magne
moment where the electron interacts with a moment in
different shell on that neighboring site. In the case of U
and UGa3, the excited electron hops from the 4p shell into
the uranium 6d shell, where it interacts with the 5f moment.

In the remainder, we assume that thep shell is surrounded
by six nearest neighbors in a cubic environment and
magnetic moment is parallel to the@001# crystal axis. This
situation corresponds to that of UAs. We will now formal
prove that angular momentum can only be transferred al
the axis of the magnetic moment, i.e. thez axis. The hybrid-
ization is then given by
2-2
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V5(
R

(
ll̃l8l̃8

Dl
l8,l̃8
* ~R!VplRD l̃,l

p
~R!, ~15!

whereD l̃,l
l (R) are rotation matrices11 that transform the or-

bitals to a new coordinate system with itsz axis pointing
towards the nearest neighbor at positionR.

The hybridization along the newz axis is diagonal

VplR5Vplsl R0
† p01Vplp~ l R1

† p11 l R,21
† p21!, ~16!

wherel Rl
† creates an electron at the neighboring uranium

R with angular quantum numberl, andVpls and Vplp are
the hybridization matrix elements betweenp and l orbitals
with s andp overlap, respectively.12 We can now couple the
Dp rotation matrices from theV andV† with each other and
make use of the relation

(
ll8

~21!p2l8S p x p

2l8 0 l
DDl8,l̃8

p
~R!Dl,l̃

p
~R!

5~21!p2l̃8S p x p

2l̃8 l̃82l̃ l̃
D D0,l̃82l̃

p
~R!. ~17!

For s hybridization, we obtainnpxpC0
x(u) with u the angle

betweenR and thez axis, where we have made use of t
relation between the rotation matrices and the spher
harmonics.11 The factornxyz is given by10

nxyz5S x y z

0 0 0D . ~18!

The coefficientsnxyz are zero whenx1y1z is odd. Forx
51, npxp is zero and thes hybridization gives no contribu

FIG. 1. Schematic picture of the different ways an excited el
tron on the Ga or As atom can interact with the uranium mome
First, it can directly hop into the polarized 6d or 5f shell and
‘‘probe’’ the moment. Secondly, it can hop into the 6d shell and
interact with the 5f moment.
13411
e

al

tion to the scattering amplitude. Forp hybridization withx
51, one hasnp1C0

1(u)51/@p#cosu, which is zero foru
5p/2. Therefore, forx51 a nonzero scattering amplitude
only obtained for thep hybridization matrix elements alon
the z axis. No angular momentum is transferred in thexy
plane if the moments are along thez axis since the angula
momentum information is lost in the hybridization proce
which involves a combination ofl561 orbitals. However,
along thez axis only orbitals with equall couple with each
other and angular momentum information can be transfer
Note that, since we are looking at theK edge, the scattering
is only sensitive to angular momentum and not to spin.

In the perturbation series approach in Eq.~14!, we can
simply add the contributions from the neighboring sites. F
our purposes, it is convenient to write the hybridizati
along thez axis as a Clebsch-Gordan coefficient. For o
purposes, it is convenient to write the hybridization along
z axis as a 3j symbol; fork5 l one has

Vplz5A2@ l #Vplp(
l

~21! l 2lS l k p

2l 0 l
D l l

†pl .

~19!

The scattering amplitude can now be written as a produc
3 j symbols of the hybridization and the dipole matrix el
ments. This can be simplified by the use of spherical ten
algebra.11 For the second term on the right-hand side of E
~14!, we find

F0
1x~v!5Vplp

2 Ḡ3~v!^WI l& ~20!

with the operator

WI l5(
yz

A c1pk l
xyz ^wI 0

z& l . ~21!

The coefficients are given by

A c1pk l
xyz 5

2@ lyz#

@p# H p x p

k y k

l z l
J nkkynxyznlzn1x

21 , ~22!

where we have taken dipolar transitions (c5p21). This
result should be compared with the sum rule for RXMS
the fast-collision approximation,F0

1x5Ḡ(v)Ac1p
x ^wI 0

x&p . We
see here that the constantA c1pk l

xyz couples the core levelc to
the valence levelp, which is coupled viak to the valence
shell l on a neighboring site. The scattering amplitude is n
expressed in ground-state expectation values of tensor
order z in shell l. Note, that the order of the tensor is n
longer x, but is changed by the hybridization intoz. The
normalization constantsnxyz are zero whenx1y1z is odd.
The presence ofnkky ensures thaty is even, and therefore
that z is odd/even whenx is odd/even. When evaluating th
constantsA c1pk l

xyz , we find

^WI d&5 2
15 ~^wI 0

1&d2^wI 0
3&d!, ~23!

^WI f&5 1
14 ~^wI 0

1& f2
14
9 ^wI 0

3& f1
5
9 ^wI 0

5& f ! ~24!

-
t.
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for l 5d and f, respectively. We see that the scattering a
plitude is not only proportional to thê w0

1& l5^Lz& l / l ,
but also to higher-order moments of the electron distri
tion on the neighboring site. For example,wI 0

3;(3L225Lz
2

21)Lz .13

One can also look at the combination of operators in
different way. Note thats→p scattering on Ga or As give
F 1

12F 21
1 . The effect of the hybridization is to make a tra

sition to uranium 5f or 6d orbitals without changing the
angular momentum. The combination of a dipole plus
hybridization with the 6d shell creates an effective quadr
polar transition to a neighboring site whose spectrum fos
→p scattering (x51) is given byF 1

22F 21
2 . However, for

normal quadrupole magnetic scattering, the oddF2x terms
are given by

F0
215F 2

21
1

2
F 1

22
1

2
F 21

2 2F 22
2 , ~25!

F0
235F 2

222F 1
212F 21

2 2F 22
2 . ~26!

The total scattering amplitude is an angular-dependent c
bination of F21 and F23. We can writeF 1

22F 21
2 5 2

5 (F0
21

2F0
23). Since the sum rule for the quadrupolar scatter

amplitude into ad shell shows thatF2x;^wI 0
x&d , we can

directly see that the scattering amplitude is proportiona
^wI 0

1&d2^wI 0
3&d . The same argument works for hybridizatio

with a f shell, but here we need to consider an effect
octupolar transition. Another way to see effective high
order transitions created is by noting that forQ polar s
→p scattering the maximum obtainable rank of a tenso
2Q21. Therefore, for dipolar scattering we can only pro
tensors of order one~e.g.,w1;Lz or Sz). To measure highe
moments of the charge distribution one needs higher-o
transitions. Note that this effective higher-order scatter
process only relates to the electronic partF0

1x , and the an-
gular partU0

1x still shows the typical dipolar dependence,
observed by Mannixet al.8

For the 5f 3 and 5f 2 configurations of uranium,̂WI f& is
0.267 and 0.077, respectively. The small value for two el
trons, 5f 2, can be understood from the small occupation
the ground state of the angular quantum numbers61. For
two holes (5f 12), this ground-state expectation value is ze
The small value for 5f 2 is a result of the coupling ofL andS
to uL2Su instead ofL1S.

Let us now turn our attention to the third term on t
right-hand side of Eq.~14!. This describes the situatio
where the excited electron hops to a neighboring uraniumd
orbital and interacts with the 5f shell. For x51, a finite
scattering amplitude is obtained from the exchange term
thed f Coulomb interaction~the direct term does not contrib
ute!:

Horbital5 (
klwl8w8

(
ss8

dw82l8,w2lck~ f w8,dl8!ck~ f w,dl!

3Gkf w8s
† dl8s8

† f ws8dls , ~27!
13411
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where Gk are the Slater integrals. The coefficientsck are
related to 3j symbols.16 Solving the scattering amplitude fo
this interaction gives

F0
1x~v!5Vplp

2 Ḡ4~v!^WI f
G&, ~28!

where the operator is given by

^WI f
G&5(

kyz
A c1pkd

xyz B dk f
z ^wI 0

z& f , ~29!

whereA c1pkd
xyz , see Eq.~22!, describes the coupling of th

core hole to ad orbital on a neigboring site and

B dk f
z 5ndk f

2 @d f#Hd z d

f k f JGkndz
21nf z ~30!

gives the coupling of thed orbital to the magnetic momen
on the f shell via the Coulomb interaction. Note that th
ground-state expectation values are now for thef shell, al-
though the Coulomb interaction, being scalar, does
change the rankz of the operator.

Evaluating the coefficients gives

^WI f
G&52 2

35 $~G11 1
6 G31 25

66 G5!^wI 0
1& f

1~2G11 8
27 G31 25

297G5!^wI 0
3& f%. ~31!

For the resonant scattering theG1 term is dominant, see Fig
2. We find that the operator dependencew12w3 is the same
as that for hybridization with ad shell. This can be under
stood from the fact that the angular part of the exchan
Coulomb interaction is equal to an isotropic dipolar scatt
ing process between thed and thef shell.14

FIG. 2. The lower part shows the ground-state expectation va
squared ofWI f ~dashed line! andWI f

G ~dotted line! for different num-
bers of f electrons. The expressions are given in the text. For
exchange integrals, a typical relative strength ofG1:G3:G5

51:0.6:0.4 was taken. The thin dotted line shows the contribut
of G1. Notice the difference in behavior from the operator^WI &2

with WI 5
1
7 wI 0

15
1

21^Lz& ~solid line!. The upper part shows the tren
along the f series for scattering at theM4,5 edges, with WI

5
1

35(3wI 11
4
3 Sz14Tz),

1
35(2wI 12

4
3 Sz24Tz) for the M5 and M4

edges, respectively~Ref. 5!.
2-4
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The trend along thef series is given in Fig. 2. Note tha
the behavior is different from̂Lz&

2. Differences are espe
cially pronounced when thef shell is almost full or empty, or
close to half filling. The behavior differs strongly from dipo
lar scattering at theM edges, where also spin-dependent o
erators (Sz andTz) contribute to the scattering amplitude.

The ratio of the integrated scattering amplitudes com
from direct hybridization with the polarizedf and from inter-
action with the f shell via the d shell is
10
3 g(G1/G)2(Vpdp /Vp fp)4, where we restrict ourselves t
the largest contribution coming from theG1 term. The values
for g of 2.77 and 0.33 for 5f 2 and 5f 3, respectively, follow
from the ground-state expectation values ofwI 0

z for the dif-
ferent number off electrons. Considering also thatVpdp

.Vp fp , we find that, for uranium compounds, the contrib
tion from Eq.~31! is the largest.

In an independent particle framework, the interaction
tween thed andf electrons is usually simplified to an orbita
polarization on thed shell, Horbital5Dd(lldl

†dl . In the
limit that the occupation of thed orbital can be neglected, th
scattering amplitude is directly proportional to the magnitu
of the orbital polarization,

F0
1152

10

3
Vpdp

2 Ḡ4~v!Dd . ~32!

Figure 3 shows a numerical example on a small cluste
the RXMS and circular dichroism for a 1s→np dipolar tran-
sition using orbital polarization. Thep shell is octahedrally
surrounded by sixd shells that have orbital and spin pola
ization. The parameters areVpdp520.5 andVpds51.0 eV, a
charge transfer energy«d2«p51.0 eV, an orbital polariza-
tion Dd50.5 eV, and a spin polarizationDs51.0 eV. Band
effects are partially included in the lifetime broadening
G55.0 eV. The spectrum has been obtained by exact dia

FIG. 3. The RMXS~thick lines! and magnetic circular dichro
ism ~thin lines! for dipolar excitation at theK edge. Thep orbital is
octahedrally surrounded by sixd shells which have spin and orbita
polarization, see the inset. Spectra are calculated for the ty
~solid line! and type-IA ~dashed line! magnetic structures of UAs
The spins in the inset indicate schematically the sign of the orb
and spin polarization.
13411
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nalization. In the type-I structure (TN;126 K), UAs exhib-
its ferromagnetic planes which are stack
antiferromagnetically15 in the sequence1212. We see a
finite scattering amplitude caused by a difference in re
nance energies forl511 and 21. Since we are dealing
with scattering at theK edge, spin polarization alone is no
sufficient to cause a finite scattering amplitude. Sensitivity
spin polarization would be present for excitations at a sp
orbit split edge. The integrated intensity of the circular d
chroism is, as one would expect, zero. The spectrum sh

Im@Ḡ4(v)# behavior with some extra structure resultin
from the difference between the spin-up and spin-down sp
tra. Note, that this structure has the same magnetic
chemical unit cell and will therefore overlap with the norm
charge scattering.

RXMS was observed in the type-IA structure~found be-
low T563.5 K!, where the stacking of ferromagnetic plan
is 1122, making the magnetic unit cell twice as large
the chemical one. Although the orbital polarization at t
sites at6Rẑ is opposite, it is still possible to obtain a finit
scattering amplitude since their contributions are not entir
equivalent, see the dashed lines in Fig. 3. The circular
chroism spectrum has now more structure. To explain t
the spin polarization is crucial. Without spin polarization, t
sites at6Rẑ would give equalḠ4-type contributions but of
opposite sign. However, the contribution from the site w
the spin parallel to that of the excited electron has a so
what smallerĒ by the spin polarization. This givesḠ5-like
shape. In addition to that, the spin-up and spin-down ch
nels are different as a result of the ferromagnetic coupling
the planes, resulting in a spectral line shape that ha
Ḡ6-type line shape.

Mannix et al.8 give ~for the absolute intensities! over 105

counts/s~at 200-mA synchrotron current! at the UM4,5 edges
and up to 83104 counts/s for the scattering at the AsK
edges. The integrated intensity for scattering at theM4,5 edge
is proportional toPU

42p/G, where we have used the fact th

the integration overuḠ(v)u2 is 2p/G. PU is the reduced
matrix element for uranium. Using Eq.~28!, we find that the
integrated intensity of the scattering at the AsK edge is pro-
portional to aAs/Ga

4 (G1Vpdp
2 PAs/Ga

2 )2(2p/G)4. Estimates of
the absolute intensities strongly depend on the parame
The constantaAs/Ga also varies from two to six depending o
the number of Ga/As ions in the system and it could
somewhat reduced as a result of the alignment of the s
along thez axis. A calculation in the atomic limit using Cow
an’s programs16 gives PU /PAs50.045/0.0066>7 and G1

52.4 eV. Values for Ga are very similar. The effective o
erator for the AsK edge is about twice that of the UM4
edge. UsingVpdp>0.520.7 eV andG>4 eV, we obtain that
the scattering intensity at the AsK edge is roughly 10–100
times smaller than the intensity at the UM4,5 edge. This is in
agreement with experimental estimates of the scattering
tensities by Mannixet al.8 The intensity of UAs is estimated
to be smaller than that of UGa3.

In conclusion, we have studied the phenomena of re
nant magnetic x-ray scattering at theK edge of nonmagnetic
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ions. Effectively, the excited electron probes the differe
moments of the orbital polarization at the neighboring sit
The results can be written as effective quadrupolar and o
polar transitions from the Ga/As 1s level into the U 5f and
6d orbitals, respectively. Note, that the absorption proces
still dipolar and one therefore observes a dipolar angular
pendence of the scattering amplitude. In addition, the re
nant process is essential in obtaining a finite scattering
plitude, since it is the excited electron that ‘‘probes’’ th
neighboring sites. This explains the strong enhancement
.
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respect to the nonresonant scattering amplitude. More
perimental work needs to be done to assess the trends o
scattering for different actinide~or rare-earth! ions. For tran-
sition metals, where the orbital polarization is small, it wou
be interesting to study scattering at spin-orbit split edg
where the excited electron can also probe spin polarizati
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